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Abstract—An effective unconditionally stable numerical method for solving equations describing
the flow of supersonic turbulent jets is developed. The method does not require the inversion of block
tridiagonal systems of algebraic equations. The results obtained according to this method are in fairly
close agreement with the calculations results on the basis of other methods and experimental data.
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In recent decades, significant progress has been made in mathematical modeling of supersonic gas
flows. The problem is solved on the basis of the complete Navier—Stokes equations [1, 2] as well as using
the simplified (parabolized) Navier—Stokes equations [3-6].

Explicit numerical methods are usually used to calculate jets based on the parabolized Navier—Stokes
equations. The main disadvantage of such schemes is the limitation of size of the longitudinal integration
step, which can lead to a significant increase in computation time. In using implicit schemes [6], it
becomes necessary to construct very complex matrices and solve them. This is true especially for flows
with subsonic regions.

In the early 1980s, MacCormack [7] proposed an effective implicit method for solving the complete
unsteady Navier—Stokes equations. The main advantages of this method are unconditional stability and no
need to solve equations with block tridiagonal matrices.

This paper presents a modification of the implicit MacCormack method that is applicable for solving
the parabolized Navier—Stokes equations. Particular attention is paid to modeling turbulence in supersonic
flows.

The equations of flow of a turbulent gas mixture can be obtained by a formal averaging of
the unsteady Navier—Stokes equations. In this paper, two methods of division of variables into
the average and fluctuating components are used:

1) p=p+p', where the line means the ensemble averaging;
2) u=i+u",where ii = @ /p is the averaging by density as a weighting factor.

The equations for a high Reynolds number axisymmetric jet, when the chemistry is frozen, are given
below
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where (x, y) is the orthogonal coordinate system (the x axis coincides with the axis of the jet); u, v are
the axial and radial components of the velocity; p is the density; p is the pressure; H is the specific total
enthalpy; C is the mass fraction of the inert component; R is the universal gas constant; M, is
the molecular mass of the gas mixture; C, is the specific heat capacity at a constant pressure; T is
the temperature.

To close the system, it is necessary to use some kind of a turbulence model. In this paper, we use
a modification of the K-¢ turbulence model, which takes into account the effect of high-speed
compressibility on the turbulence intensity and also shows the best agreement with experiment on
the calculation of turbulent jets [8, 9].

This model includes the following equations for K and €:
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Here K is the turbulence kinetic energy; ¢ is the rate of turbulence dissipation; P is the generation of
the turbulent energy.

For the coefficient of turbulent viscosity and for the pressure—divergence correlation, the following
formulas are used [9]:

C pK’

n

T1+029M, ¢

Ly , k=-029M,, ©))
where M, =~+/2K / a is the turbulent Mach number; a is the sound speed.

The model uses the following numerical constants C, =0.09; C,, =1.44; C_, =1.92.

As already indicated, this model is valid only for flows with high Reynolds numbers, because at lower
numbers, it is necessary to take into account a molecular transport in system (1)—(5), and corrections for
laminarization in equation (8).

Parabolization of the original differential equations is done by discarding some of the viscous terms
included in these equations. It is believed that their influence can be neglected.
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Usually, this discarding is carried out after the transition to a new coordinate system that transforms
the real geometry of the computational domain into the rectangular one [5, 6]. It is clear that in this case
the system to be solved and, accordingly, the result of the calculations depends on how this coordinate
transformation will be performed. That is, a grid-dependent solution is obtained. In this work, a different
approach was used, which was based only on the analysis of the physics of turbulent mixing processes.

First of all, let us consider O (the inclination angle of the flow in the middle of the mixing layer with
respect to the x axis) and also introduce an “oriented to the mixing layer” orthogonal coordinate system
(s, n).

For viscous terms, it is assumed that

2<<i, V. V. (10)
Os oOn
It follows from (10) that
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where fis any parameter included in the viscous terms of the system.
First, let us consider the scalar quantity transport equation (5). We use the assumptions about the
gradient law for turbulent diffusion:

v =-Htr ye (12)
Sc,

Then, taking into account (11), it is valid for the viscous terms on the right-hand side of Eq. (5)
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It should be taken into account here that the angle © is independent on the y coordinate. Sc, is the
turbulent Schmidt number. Similar transformations are valid for all transport equations of scalar values.

It was shown in [10] that in the components of momentum equation (2) and (3), the viscous terms can
be represented as

V(p,Vu)+S,, v(% uTVv) +5S, (14)
and, neglecting the additional terms S, S, , the formulas similar to (13) can be used for them.

As a result, we obtain the following system of equations describing turbulent axisymmetric gas jets:
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N2
Turbulent energy production is described by the formula P = B 29[%) , and the numerical
cos

constants Pr, =Sc, =0.7, ¢, =1.3 are assumed.

It should be noted that parabolized equations in the form of (15) can be used only for supersonic
flows. The issue of calculating jets with subsonic regions is considered further.

System of equations (15) in a conservative form has the following vector form
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y= RL , R, is the radius of the initial section of the jet. The averaging signs in these formulas are omitted.

a

The system is solved in a new coordinate system using a simple rectangular transformation:
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The transpported form of Eq. (16) is
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The splitting method [11] was applied to solve system (18). A special modification of the implicit
MacCormack method is used to solve Eq. (18) without a source. For an inviscid case, it is presented in [12].
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The predictor is presented as
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Here E is the identity matrix; the matrices |Q| and |<I>| have positive eigenvalues and are associated

with the Jacobi matrices Q = ﬁ, D= 6—1;1 .
JoF OF

After each step, the physical variables p,u,v,p,C,K,e should be determined by the conservative
variables F
Let us consider the definition |Q| and |d)| for supersonic regions.
The matrix |Q| is diagonalized as
|Q|=c"Do , (25)

where o' is the matrix of eigenvectors of Q and o is the inverse matrix of ¢™'; D is the diagonal
matrix with the following elements:
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where b,, =2a’ —B(H—20L);b42 =a’ +2(>L;H=h+0t;0€=%(u2 +V2),B=Y—1-

The effect of viscosity is taken into account only by adjusting the eigenvalues in matrix D.

The matrix |d)| is diagonal

|®|=¢E, ¢=max{0.5z-1/A,0}, (28)

where
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The main advantage of this approach is that inversion of the matrices in the implicit part (Egs. (20)
and (23)) is reduced to fast operations, namely, double multiplication of the matrices and inversing
the diagonal matrix.

To suppress oscillations in the region of shock waves, the fourth-order damping was introduced into
the difference scheme [13].

To calculate flows with subsonic regions, the Vigneron technology [14] is most often used, this
technology is based on dividing the vector F into two parts depending on the longitudinal Mach number
values and gives good results in calculating supersonic flow around bodies, i.e. in the presence of small
subsonic areas in the near-wall region [6, 13]. It is inconvenient for submerged jets, in which subsonic
areas occupy a significant part of the flow.

The disadvantage of the Vigneron technology is the fact that the matrices included in the numerical
scheme are significantly complicated. Therefore, a different approach was used to calculate subsonic
areas in this paper.

In the subsonic areas, a non-conservative form of the basic equations was used, i.e. system (15) in its
purest form.

The pressure is considered to be set. To solve the system, a numerical predictor—corrector scheme
similar to (19)—(24) is used. The “supersonic” technique is combined with the “subsonic” one as follows.

In each jet section £=E&", the boundary points of the difference grid KU and KD are determined

(Fig. 1), at which the velocity u <1.2a (the point KD exists only in the presence of a subsonic region
behind the Mach disk).

n jk=KU+1 u<l2a
k=KU
k=KU - 1r——=
u>12a
k=KD + | ——nr
k=KD
k=KD-1 u<l2a
g” EJVHI EJ
Fig. 1.

At the nodal points k=1, ..., KD and k = KU, KU+1, ..., NN, the calculation is carried out according to
the “subsonic” technique (NN is the number of grid nodes). For k= KD + 1, ..., KU — 1, the “supersonic”
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technique is used. In transition from the “subsonic” technique to the “supersonic” one at the nodes k = KU
and k = KD, the increments of the conservative vector 6F are determined from the known values of
the increments of the non-conservative vector; then they are used in the implicit part of the “supersonic”
technique. Similarly, when switching from the “supersonic” technique to the “subsonic” one, at the nodes
k=KD + 1 and k = KU — 1, the components of the non-conservative vector are determined from the given
increments OF. When using the predictor—corrector scheme, in which at each stage the transition is only
down or only up the grid, this approach is very easily implemented.

An important issue is the determination of the pressure and the longitudinal derivative of pressure in
the “subsonic” areas of the jet.

In the outer part of the jet, it is supposed that

0
0x

where p, is the pressure of the external flow.

The technique described in detail in [11] was used for the region beyond the Mach disk.

The presented numerical method was applied to the calculation of jet flows.

The first test was devoted to testing the capabilities of the numerical method used and comparing it
with the solution of the complete system of Navier—Stokes equations. For this, the air flow was calculated
with the following parameters: M, =4; T, =2000K; p,/p, =10°; M, =12; T, =288 K (here the
subscript a refers to the parameters at the nozzle exit and the subscript e—to the parameters of the
external flow).

This flow is characterized by the presence of regions with huge pressure gradients and very high Mach
numbers. When using the shock-capturing calculation, the numerical solution is complicated.

Figure 2 shows the variation of pressure and density along the axis of the jet. The calculation results
by the method of characteristics from [15] (dotted curve), the results when solving the complete Navier—
Stokes system (solid curve), and the calculation results by the proposed technique (dash-dot curve) are
compared.

Obviously, all calculations are in satisfactory agreement with each other. In addition, the calculation
time when using parabolized equations is approximately two orders of magnitude shorter than for
the solution of the complete system of Navier—Stokes equations. Some oscillations are observed in
the region where the hanging shock and the reflected shock converge. This is explained by the fact that
the subsonic region behind the Mach disk was not separately distinguished in this calculation. Because
this area is very small in this case, such a simplification practically does not affect the calculation results.

The second test also focuses on comparing calculation results using the complete and parabolized
system of Navier—Stokes equations.

A jet with the following parameters was used as the test case. Parameters at the nozzle exit: velocity—
2900 m/s; pressure—O.75><105 Pa; temperature—1900K; outlet angle—0.17453 rad; radius—1 m.
Composition, mole fractions: O,—0.1631E-5; CO—0.08372; H—0.2406E-3; O—0.5037E-6; OH—
0.1521E-3; NO—0.1058E—4; H,—0.05415; H,0—0.4053; CO,—0.1461. The external flow velocity is
845 m/s.

Figure 3 shows the axial temperature variation. Here (/)—the calculation using the complete system of
Navier—Stokes equations; (2)—the calculation using the parabolized system of Navier—Stokes equations.

The calculation results for these two techniques are very close; and again, there is some discrepancy
behind the Mach disk. We used the kinetics of chemical combustion reactions described in [16].

The following tests are devoted to calculating submerged jets. As already mentioned, quite significant
areas of the flow are subsonic in this case. The method presented in this paper was used in all
calculations.
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Fig. 2. Fig. 3.

Figure 4 shows the dependence of the length of the submerged jet Xoss on the Mach number at
the nozzle exit. The calculation results are compared with experimental data. Here o—the experiment
[17]; v—the experiment [18]; w—the experiment [19]; (/)—calculation using the K—¢ model that
includes the correction for compressibility [20]; (2)—calculation using the model of turbulence from [9].

As an estimate of the jet size, we used the dimensionless coordinate Eoys, at which the axial velocity
u. decreases to the value 0.75u,_, i.e. itis 75% of the velocity on the nozzle exit axis.

Both models are in satisfactory agreement with experimental data and with each other, and also show
an increase in jet length as the Mach number increases. When using the standard K—¢ turbulence model,
an increase in the estimated jet length with an increase in the Mach number is not observed.

Figure 5 shows the distribution of excess dimensionless Pitot pressure along the axis of the jet, having
the following parameters: T, =2860K ; M, =4.0; p,/p, =0.65. Here (I)—the experiment [21]; (2)—

the calculation using the standard K—¢ turbulence model; (3)—the calculation using the compressibility
corrected K—¢ model of turbulence [9]; (4)—the calculation using the compressibility corrected K—¢
turbulence model [20].

(Po'=pe)/pe g
Xo1s L 305
50 g /o< 1 25¢
)) ~ F
2
o 5 ° 20¢
40 :
O 15F -
& X |
30 7 10E
S5
20 v J i ; . .
0 1 2 3 M 0 10 20 30 40 50 60 x/R,
Fig. 4. Fig. 5.

The calculation results for the turbulence model presented in this paper are in satisfactory agreement
with the experiment, the standard K—e turbulence model significantly underestimates the jet length;
the K—¢ turbulence model corrected by compressibility [20] somewhat overestimates the estimated jet
length.

A modification of the implicit MacCormack method for calculating supersonic jets based on
the parabolized Navier—Stokes equations is developed. The results obtained by this method are in fairly
close agreement with the results of calculations based on the other methods and experimental data.
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